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We study the emergence and dynamics of in-plane skyrmions in collinear ferromagnetic het-
erostructures. We present a minimal energy model for this class of magnetic textures, determine
the crystal symmetries compatible with it and propose material candidates, based on symmetries
only, for the observation of these topological solitons. We calculate exact solutions of the energy
model for in-plane skyrmions in the absence of dipolar interactions at critical coupling, the latter
defined by the relations H = K and D =
√
AK for the strength of the external magnetic field and
the Dzyaloshinskii coupling constant, respectively, with K and A being the anisotropy constant and
the exchange stiffness of the material. Through micromagnetic simulations, we demonstrate the
possibility of in-plane skyrmion production via i) the motion of domain walls through a geomet-
rical constriction and ii) shedding from a magnetic impurity driven both by spin transfer torques.
In-plane skyrmion dynamics triggered by spin-orbit torques are also investigated analytically and nu-
merically. Our findings point towards the possibility of designing racetracks for in-plane skyrmions,
whose speed could be tuned by adjusting the angle between the charge current and the uniform
background magnetization; in particular, the speed is maximum for currents parallel to the easy
axis and becomes zero for currents transverse to it.
I. INTRODUCTION
Magnetic skyrmions1 epitomize the class of spa-
tially localized solitons in two dimensions and arise
in magnetic systems with spin-orbit coupling and bro-
ken centrosymmetry.2,3 These topological textures have
been observed in both crystal4–6 and gas7,8 phases,
and can be stabilized by chiral (Dzyaloshinskii-Moriya)
interactions,9–12 stray fields, geometric frustration13,14
and the Ruderman-Kittel-Kasuya-Yosida interaction.15
Recent years have witnessed a growing interest in
their potential usage as building blocks for informa-
tion processing/storage16–18,20,71 and novel computation
paradigms,21–25 including the skyrmion reshuffler,26,27
since skyrmions show a particlelike behavior28,29 and a
low threshold for current-driven mobility,30–32 can be nu-
cleated/annihilated via spin torques8,33–36 or the local
injection of spin-polarized currents,37 are robust against
external electromagnetic perturbations and structural
distortions (e.g., impurities),38,39 exhibit unconventional
dynamical features such as the skyrmion Hall effect40,43
and mediate the topological Hall effect in the conducting
systems.31,44,45
Experimental platforms usually utilized in current-
driven skyrmion transport measurements consist of thin-
film heterostructures made of a magnet deposited on
a (heavy-)metal substrate, the latter endowing an in-
terfacial Dzyaloshinski-Moriya (DM) interaction and a
perpendicular (to the basal plane) magnetocrystalline
anisotropy (PMA) in the former,12 which promote the
stabilization of Ne´el skyrmions. In this regard, it is worth
noting the existence of other Lifshitz invariants stabiliz-
ing skyrmion configurations that can be smoothly de-
formed into the Ne´el-like one by a suitable global rota-
tion in spin space. In-plane skyrmions (also known as
magnetic bimerons), which belong to this broad family,
have been recently observed forming a (disordered) lat-
tice in MnSi thin films46,47 and are predicted to exist
individually in frustrated magnets48 in the presence of
magnetic fields. These spin textures, which consist of a
vortex-antivortex pair, each carrying half the quantum of
topological charge,49 are attracting much attention from
the spintronics community since they exhibit intrinsically
distinct current-driven dynamics to those found for Ne´el
skyrmions,51,52 and therefore offer alternative conduits
for the transport of spin signals and new perspectives for
the design of the next generation of high-speed electronic
devices.
In this paper we conduct a thorough study of the
creation, stability and dynamical properties of in-plane
skyrmions. The structure of the manuscript is the fol-
lowing: in Sec. II we present a minimal energy model
for the stabilization of in-plane skyrmions, analyze those
(crystallographic) space groups compatible with it and
propose material candidates for their observation (Sec. II
A). This constitutes the first main finding of our work.
We note in passing that, to the best of our knowl-
edge, single in-plane skyrmions can only exist as tran-
sient states in magnetic systems with an interfacial DM
interaction.53,71 We also provide a (mean-field) phase dia-
gram parametrized by the coupling constants of the com-
peting DM terms and show that in-plane skyrmions oc-
cupy a substantial area of it, which represents our second
main finding. We also study the effect of dipolar inter-
actions on the stability of these spin textures (Sec. II
B). Sec. III deals with the creation of in-plane skyrmions
by means of two different mechanisms, namely, blowing
of in-plane domain wall (DW) pairs through a geomet-
ric constriction (Sec. III A) and shedding of skyrmions
from a magnetic inhomogenetity (Sec. III B). In Sec. IV
ar
X
iv
:1
91
0.
00
98
7v
2 
 [c
on
d-
ma
t.m
es
-h
all
]  
16
 D
ec
 20
19
2we explore the dynamical features of in-plane skyrmions
driven by spin-transfer and spin-orbit torques, both an-
alytically and micromagnetically, and compare our find-
ings to those arising in the Ne´el scenario. This consti-
tutes the third main finding of our work. Sec. V con-
cerns analytical aspects of the phase diagram depicted in
Sec. II. In Sec. VI, we present an exactly solvable model
for skyrmions with an interfacial-like DM term in the
absence of stray fields and for an arbitrary direction of
the background magnetization (in a plane perpendicular
to the film), from which in-plane skyrmions emerge as
particular solutions. The exact solvability of the model
lies in it being defined at critical coupling, a requirement
originally introduced in Ref. 54 where the properties of
exactly solvable models for skyrmions with a bulk DM
term were studied. We note that our exact solution re-
sults for the critical coupling model have been recently
reported in Ref. 55 within the framework of gauge non-
linear sigma models defined on arbitrary Riemann sur-
faces. Furthermore, in Sec. VII we discuss our results
and provide concluding remarks. We complement this
manuscript with four Appendices containing mathemat-
ical identities and further derivations of the aforemen-
tioned analytical results.
II. MINIMAL MODEL AND CRYSTAL
SYMMETRIES
We consider thin films made of a collinear ferromagnet
deposited on a (heavy-metal) substrate. The heterostruc-
ture is assumed to be magnetically uniform along the ver-
tical (z-axis) direction, which occurs e.g. when the film
thickness is less than the exchange length of the ferromag-
netic material. We start by constructing a minimal model
for a two-dimensional ferromagnet hosting stable in-plane
skyrmions in a uniform magnetization background along
the x direction. The geometry of the heterostructure is
defined by the surface S in the xy-plane. It is worth
remarking that an in-plane skyrmion configuration can
be obtained by rotating an out-of-plane skyrmion (mag-
netization background pointing along the normal to the
ferromagnet) by 90◦ around an in-plane axis. In particu-
lar, the energy functional for the former can be obtained
from that corresponding to the latter by applying a rota-
tion in spin space of angle α = −pi/2 along the y axis:51
Ein-pl[m] =
∫
S
d2~r
{
A
2
(~∇m)2 +DLin-pl[m]+
K[1− (mx)2]−m · (H +Hd)
}
, (1)
wherem denotes the order parameter of the ferromagnet,
|m| = 1, H and Hd are the normalized (by the satura-
tion magnetization Ms) external and dipolar magnetic
fields, respectively, and
Lin-pl[m] = mz∂xmx−mx∂xmz +mx∂ymy−my∂ymx
(2)
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FIG. 1: Phase diagram of a monoclinic Cm magnet as a
function of the in-plane (g1) and interfacial (g2) reduced
Dzyaloshinskii coupling constants. The ferromagnetic phase
and helical phase boundary is depicted by the red dashed
line. Within the ferromagnetic phase, we find a region of
metastable isolated in-plane skyrmions (indicated in light
blue). Examples of skyrmion shapes are shown in the insets
corresponding to the A,B, and C points in the phase dia-
gram. Increasing the strength of the interfacial DMI deforms
the skyrmion.
is a Lifshitz invariant. Here, A, D and K are the ex-
change stiffness, Dzyaloshinskii and on-site anisotropy
constants of the system. The model is minimal in the
sense that it contains all symmetry-allowed exchange,
Zeeman, dipolar and relativistic energy terms up to sec-
ond order in the magnetization vector and its spatial
derivatives. Hereafter we will use lower indices and vector
arrows for real space and upper indices and bold symbols
for spin-space in what follows.
A. Crystal symmetries and materials
In general, the functional form of the Dzyaloshinkii-
Moriya (DM) energy reads EDM[m] = Djikmi∂jmk,
where Dˆ is a third-rank antisymmetric polar tensor.56
Note that Eq. (1) yields the following nonzero coefficients
of the DM tensor, Dxzx = D
y
xy = −Dxxz = −Dyyx = D for
the minimal in-plane skyrmion model. According to Neu-
mann’s principle, the structure of the DM tensor is gov-
erned by the crystal symmetry of the ferromagnet:57 Dˆ
must be invariant under the action of all symmetry oper-
ations R in the point group, whose components transform
as Dj
′
i′k′ = Ri′iRj′jRk′kD
j
ik. A thorough symmetry anal-
ysis reveals that the monoclinic point-group Cm, gener-
ated by the mirror-symmetry my, is the only space group
compatible with the DM tensor structure of Eq. (1): in-
variance of Dˆ under my yields the non-vanishing ele-
ments Dxxz = −Dxzx, Dyyz = −Dyzy and Dyyx = −Dyxy for
3A (J/m) K (J/m3) Kinh (J/m
3) Ms (A/m) D (J/m
2)
Phase diagram 3 · 10−11 5.0 · 105 0 5.8 · 105 variable
Production via blowing 3 · 10−11 3.0 · 105 0 5.8 · 105 2.5 · 10−3
Production via shedding 4.2 · 10−11 8.0 · 104 8 · 104 3.0 · 105 1.2 · 10−3
Current-driven dynamics 3 · 10−11 5.0 · 105 0 5.8 · 105 3.0 · 10−3
TABLE I: Values of the micromagnetic parameters utilized in the simulations. In all figures we considered single in-plane DMI,
see Eq. (1), except for the phase diagram of the monoclinic Cm system, in which we used two different Dzyaloshinskii coupling
constants, see Eq. (3).
the DM tensor. The corresponding DM energy functional
can be cast as
EDM[m] = DyzyLNe´el[m] +DyxyLin-pl[m] (3)
+D3(m
z∂xm
x −mx∂xmz),
where D3 = D
x
zx − Dyxy − Dyzy. Here, LNe´el[m] =
mz(∇·m)− (m ·∇)mz is the Lifshitz invariant enabling
the stabilization of Ne´el skyrmions. Therefore, mono-
clinic systems described by the point group Cm exhibit
competing twisting interactions at the bulk level.
Ab initio calculations58 predict that materials such
as Fe(BRh2)3, Co(BRh2)3, FeLa3S6, Al18Co5Ni3,
Rb6Fe2O5, La4TaCo33, Co25Cu11O48, Ta12Co3Pt3Se32
and Li4Fe3Ni3(TeO8)2 exhibit the Cm space group
symmetry. In this regard, we propose FeLa3S6 and
Rb6Fe2O5 as the most feasable platforms to host in-plane
skyrmions, since the bulk synthesis of these two materials
has been previously reported.59,60
Figure 1 depicts a phase diagram of a thin monoclinic
Cm system, disregarding dipolar interactions, as a func-
tion of the two reduced Dzyaloshinskii coupling constants
g1 = piD
y
xy/4
√
AK and g2 = piD
y
zy/4
√
AK (see Sec-
tion V for further details), in which we observe a (uni-
form) ferromagnetic phase, a helical phase and, within
the ferromagnetic phase, a region where single in-plane
skyrmions are metastable. Note that only the first two
phases correspond to true ground states of the magnet,
whereas skyrmions emerge as low-energy excitations in
the magnetic vacuum (uniform background). The lin-
ear boundary between uniform and helical phases has
been calculated analytically (see Section V for a descrip-
tion of the techniques employed). The term proportional
to D3 has been disregarded in our analysis since it is
only responsible for the ellipticity (shape deformation)
of the resultant skyrmions. Whether in-plane skyrmions
are stabilized in this class of magnetic materials for an
in-plane (easy x-axis) anisotropy in the absence of ex-
ternal magnetic fields and dipolar interactions depends
on the interplay between Ne´el and in-plane DM stabiliz-
ers. Micromagnetic simulations to support our analytic
predictions were performed in Mumax3,61 in a square ge-
ometry of lateral size 256 nm and thickness 1 nm, with
cell size 1× 1× 1 nm3 disregarding dipolar interactions.
The values for the micromagnetic parameters are given in
Table I. The phase diagram was calculated by sweeping
g1 and g2 within the range 0 − 1. The (blue) domain of
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FIG. 2: Radius of in-plane skyrmions as a function of the
azimuthal angle ϕ in the presence (blue) and absence (red)
of dipolar interactions (demag). Dashed lines represent the
angular average (mean) of the radius. We have normalized
the the radii by the maximal radius Rmax observed for the
skyrmion. Note that the numerical estimate of the radius
is affected by finite size effects on the order of the cell size
(∼ 1nm), therefore the red curve corresponds to the average.
(Inset) Spectral density corresponding to the aforementioned
angular dependence for the stray-field case.
skyrmion metastability was obtained by studying, for the
set of parameters corresponding to the uniform ferromag-
netic phase, whether an initial single in-plane skyrmion
configuration relaxed towards the uniform state or not.
B. Effect of dipolar interactions on skyrmions
The effect of magnetostatic interactions cannot be
studied by just performing the rotation in spin-space
starting from the Ne´el skrymion. In this subsection,
we show that their influence is stronger for in-plane
skyrmions and lead to the deformation of the latter. Fig-
ure 2 shows the angular dependence of the radius for
in-plane skyrmions in the presence and absence of stray
fields, with the radius R(ϕ) being defined by the con-
dition mx[R(ϕ), ϕ] = 0 (i.e., the position at which mx
vanishes) and ϕ denoting the azimuthal angle.
4In contrast to the Ne´el scenario, we observe oscilla-
tions in R when ϕ is swept within the range [0, 2pi], in
the presence of dipolar interactions. In what follows, we
refer to the angular average (mean) of R as the skyrmion
radius, although this definition is only meaningful in the
absence of stray fields since radial fluctuations are of the
order of 0.2% in this case. Furthermore, we have also
calculated the spectral density of R(ϕ) in the presence
of demagnetizing fields, which we depict in the inset of
Fig. 2; we obtain the harmonic terms up to fourth order
in the natural frequency ωϕ = 1 and conclude that the
dominant contribution stems from the second-order one.
The effect of dipolar fields on the stability of skyrmion
textures emerging in the proposed quasi-two-dimensional
geometry has been studied by performing micromagnetic
simulations in Mumax3 and Micromagnum.62 We have
considered both in-plane and Ne´el skyrmions, the latter
being soliton solutions of the energy functional given by
Eq. (1) with account of the substitutions Lin-pl[m] →
LNe´el[m] and 1 − (mx)2 → 1 − (mz)2 in the DM and
anisotropy terms, respectively. Simulations were carried
out in a square geometry of lateral size 512 nm and thick-
ness 1 nm, with cell size 1×1×1 nm3; we took the same
values for the micromagnetic parameters as those used
in the calculation of the phase diagram, see Fig. 1. The
skyrmion radius R is, again, extracted from the isocon-
tours mx = 0 (in-plane) and mz = 0 (Ne´el) obtained
after relaxation of an initial magnetic configuration con-
sisting of a disk of radius 64 nm with uniform magnetiza-
tion along the opposite direction to that of the uniform
magnetic background (z axis for the Ne´el case), see in-
set of Fig. 3.63 Note that here we do consider skyrmions
with a small domain wall (DW) width compared to their
radius R. The dependence of the skyrmion radius on the
reduced DM parameter g = piD/4
√
AK is depicted in
Fig. 3 in the absence of external magnetic fields for both
Ne´el and in-plane skyrmions. We observe that in the
absence of dipolar interactions the R-g curves overlap,
which results from the fact that, in this case, the cor-
responding energy functionals can be mapped into each
other via a rotation in spin space. When stray fields are
accounted for, however, the skyrmion radius increases
for the Ne´el configuration and decreases for the in-plane
one. This behavioural difference originates in the fact
that dipolar fields are weaker for Ne´el skyrmions, since
the contribution of the magnetic charge, ∇ ·m, can be
effectively disregarded in this case.64 Within the range
0.35 ≤ g ≤ 0.7, the skyrmion radius is observed to be less
than 15 nm for in-plane skyrmions, in stark contrast to
the Ne´el case (range 5− 40 nm). Finally, the black curve
depicts the analytical solution R =
√
2|g|/
√
1− 2g2 de-
rived in Ref. 65 for comparison.
III. SKYRMION PRODUCTION
In this section we show that in-plane skyrmions can
be produced in an analog way to Ne´el skyrmions despite
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FIG. 3: Radius of Ne´el and in-plane skyrmions in the pres-
ence (blue and magenta curves) and absence (cyan and red
curves) of dipolar interactions (demag). The black solid curve
denotes the analytical dependence on the reduced DM pa-
rameter g = piD/4
√
AK proposed in Ref. 65. (Inset) Radial
magnetization profile mz (red) and mx (blue) in the presence
of stray fields for Ne´el and in-plane skyrmions, respectively,
where the corresponding radii are marked by  and ∆ in the
R−g curves. The dashed black arrow indicates the associated
g-value.
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FIG. 4: (a) Sketch of the geometry utilized in the numerical
simulations of the production of in-plane skyrmions (green-
white disk) via the blowing method. (b) Spatial distribu-
tion of the electric-current density calculated self-consistently
with constant-voltage boundary conditions (see main text).
Jmax = 2φ|left/L denotes the maximum current injected into
the sample of length L.
5the different influences of dipolar effects. In the first part
we present on how to create them by blowing magnetic
bubbles through a geometrical constriction8 and in the
second part we show how to create them via an interplay
of a magnetic inhomogeneity and a current.33–36
A. Blowing in-plane skyrmions
In-plane skyrmions can be produced by blowing mag-
netic bubbles through a geometrical constriction, akin
to the Ne´el case.8 Numerical simulations have been car-
ried out in Micromagnum with extensions to directly
solve for the current flow.62 The geometry considered
was a thin magnetic film of dimensions 800×100×1 nm3
(length×width×thickness), which presents a narrow con-
striction of length 128 nm at its center, see Fig. 4(a). The
values of the micromagnetic parameters utilized can be
found in Table I. An electromotive force is applied lon-
gitudinally between the metal contacts deposited on the
lateral sides of the magnet; the charge-current density
is self-consistently calculated62 by solving, at each time
step, the Poisson equation∇2φ = 0 with boundary condi-
tions φ|left = −φ|right = 2.55 V in the proposed geometry.
The current density is obtained from ~j = −σˆ ~∇φ, where
σˆ is the conductivity tensor,66 see Fig. 4(b).
Time evolution of the order parameter obeys the
Landau-Lifshitz-Gilbert (LLG) equation
∂tm = −γm×Heff + αm× ∂tm+ τ , (4)
where Heff = − 1Ms δmEin-pl[m] is the thermodynamic
force conjugate to m, α is the Gilbert damping constant
and τ denotes the current-induced magnetic torque. In
our simulations, the initial magnetic configuration con-
sists of a DW pair located at the center of the constric-
tion, whose dynamics are driven by the spin-transfer
torque τSTT = −ζ(β + m×)m × (~j · ~∇)m. Here,
ζ = γP~/2eMs is the charge-to-spin conversion factor in
the adiabatic regime, γ and P represent the gyromagnetic
ratio and the electron spin polarization, respectively, and
β parametrizes the effect of spin-dephasing processes on
the transfer of angular momentum between the electron
flow and the magnet. As a result of the current-driven
motion, the DW pair begins to deform and is pushed
out towards the right end of the channel, eventually de-
taching from it. Outside the constriction, the magnetic
texture evolves into an in-plane skyrmion and generically
performs a curved trajectory towards one of the transver-
sal sides of the film due to the Magnus force. The pro-
duction process just described is depicted in Fig. 5, where
we show snapshots of the DW pair-to-skyrmion conver-
sion at different times (left panel) and the corresponding
topological charge density (right panel), defined by the
integrand of the Pontryagin index
Q =
1
4pi
∫
S
d2~r m · (∂xm× ∂ym) =
∫
S
d2~r ρsky. (5)
Note that we restricted ourselves to the case α = β to
avoid the deflection of the skyrmion trajectories along
the transverse (y axis) direction.
Figure 6 shows the temporal dependence of the
skyrmion charge during the production process of in-
plane skyrmions. Q has been calculated at every time
step of the simulation by integrating the skyrmion charge
density depicted in the right panel of Fig. 5 over the
whole sample. In general, we find that the skyrmion
charge first increases monotonically with time and peaks
at td1, then decreases to negative values until td2 and,
finally, it increases sharply until tsky to the value Q ' 1.
From the right panel of Fig. 5 we observe that td1 corre-
sponds to the time at which the right DW detaches from
the right end of the constriction and starts expanding
radially, whereas the left DW is still inside the channel.
Afterwards, the left DW detaches from the constriction
at the time td2 (see the corresponding snapshot in Fig. 6)
and also expands radially outside the channel, therefore
yielding the decrease of the skyrmion charge. Once the
DW pair is completely detached from the constriction, it
deforms smoothly into an in-plane skyrmion with topo-
logical charge Q ' 1 at tsky. The skyrmion charge ex-
hibits a qualitatively similar behavior in the presence of
dipolar interactions, the main difference being the in-
crease of td1,d2 and the reduction of tsky, i.e., it takes a
longer time for both DWs to detach from the constriction
and a shorter time for the detached magnetic texture to
become an in-plane skyrmion due to the action of the
stray fields.
This production scenario for in-plane skyrmions is
valid for constriction widths much smaller than that of
the sample, t  w. We verified that, in this regime,
the production process just described is qualitatively
similar to that induced by a stepwise current distribu-
tion, uniform inside and outside the constriction, with
the inside-to-outside current ratio being proportional to
w/t. On the contrary, if both the constriction and sam-
ple widths are comparable, then in-plane skyrmions can-
not be produced via magnetic blowing since the DWs
just spread over the sample once the injected current
pushes them outside the constriction and, therefore, the
topology of the magnetic texture remains trivial. Fur-
thermore, we have studied the production of in-plane
skyrmions numerically over a wide range of reduced pa-
rameters g = piD/4
√
AK. We observed that these mag-
netic textures are produced within the range 0 < g < 0.7,
whereas for g > 0.7 the DW pair becomes attached to the
wall outside the channel and then grows into an elongated
magnetic configuration, eventually touching the edges of
the sample, see Fig. 7.
B. Skyrmion creation via an inhomogeneity
Another method for the production of Ne´el skyrmions
has been recently proposed,33–36 which is based on the
(static) loss of stability of a magnetic inhomogeneity trig-
6𝒎" 𝜌sky
FIG. 5: Generation of in-plane skyrmions via the current-driven motion of a DW pair through a narrow geometrical constriction.
(Left panel) Snapshots of the x-component of the order parameter, mx, taken at five sequential times. (Right panel) Time
evolution of the skyrmion charge density ρsky corresponding to the magnetization texture depicted on the left panel. The color
code indicates the mx component of the magnetization.
gered by current-induced spin-transfer torques. Here, we
exploit the same principle for in-plane skyrmions, show-
ing qualitatively similar results to those of the Ne´el case.
The initial magnetic configuration is taken to be the uni-
form state along the easy x-axis, except for an inhomo-
geneous circular domain of radius 50 nm with magne-
tization pointing along the z axis, and we applied dc
charge currents. Figure 8 illustrates the results of our
simulations in Mumax3 for a dc current j = 7.5 · 1012
A/m2, where the values of the micromagnetic parame-
ters used can be found in Table I: subfig. (a) depicts de-
tails of the shedding process in a geometry of dimensions
1024×1000×0.4 nm3. The six (time-)consecutive snap-
shots correspond to the initial magnetic configuration,
the onset of the magnetic instability, its expansion over
space, the formation of the skyrmion/antiskyrmion pair,
the annihilation of the antiskyrmion and the stabilization
of the skyrmion, respectively.
Subfig. 8(b) shows the realization of the racetrack con-
cept for in-plane skyrmions, which are periodically gen-
erated via shedding. Here, we are showing a cutout of
a larger geometry (of dimensions 1526×1024×0.4 nm3)
to obtain a larger number of skyrmions within the race-
track. The value of the critical current for the shedding
process is less or approximately jc . 3.3 · 1012 A/m2 in
our simulations. Furthermore, in contrast to the Ne´el
scenario studied in Ref. 34, the out-of-plane anisotropy
constant Kinh associated with the inhomogeneity domain
has to be as large as K to guarantee the shedding of in-
plane skyrmions, since dipolar interactions favor large
in-plane projections of the magnetization; this, in turn,
yields larger values of the critical current for shedding.
IV. CURRENT-DRIVEN DYNAMICS
As shown in the previous section, in-plane skyrmions
and Ne´el skyrmions exhibit similar dynamics driven by
spin transfer torques. Therefore, we will focus hereafter
on the skyrmion dynamics driven by spin-orbit torques
(SOT), which are described by the LLG equation (4) ac-
counting for the torque τSOT = (τFL + τDLm×)(eˆz ×
~j) × m. Here, τFL and τDL parametrize the field-like
and damping-like components of the SOT, respectively.
Under the assumption of rigidity for the soliton texture,
which is valid in the low-frequency (compared to the ex-
change energy) and low-current regime, we can describe
skyrmions by their center of mass ~X = (X,Y ). Within
the collective-coordinate approach, the dynamics of these
solitons obey the following Thiele equation:67,68
Geˆz × ∂t ~X = αD∂t ~X + τFL ~TFL + τDL ~TDL, (6)
where G = 4piQ is the gyrotropic constant, D is the dis-
sipative constant and ~TFL and ~TDL are the forces exerted
on the magnetic texture by the field-like and damping-
like components of the SOT, respectively. The expres-
7𝑡d1𝑡d2
𝑡sky
FIG. 6: Time evolution of the topological charge for the pro-
duction of in-plane skyrmions via blowing of magnetic bubbles
through a geometrical constriction for the value g = 0.523. In
this simulation, corresponding to the geometry of Fig. 5, the
values of the times td1, td2 and tsky (see main text for the def-
initions) are 0.04 ns, 0.08 ns and 0.17 ns respectively. (Inset)
Time evolution of the topological charge in the presence of
dipolar interactions. The corresponding values of the charac-
teristic times are td1 = 0.05 ns, td2 = 0.85 ns and tsky = 0.1
ns.
FIG. 7: Elongated magnetic configuration generated via blow-
ing of a magnetic bubble through a geometrical constriction
for the value g = 0.811 of the reduced parameter.
sions for these terms read
D = 1
2
∫
S
d2~r ∂km · ∂km, (7)
TFL,i =
∫
S
d2~r (eˆz ×~j) · ∂im,
TDL,i =
∫
S
d2~r m · [(eˆz ×~j)× ∂im],
and, by solving the Thiele equation for the skyrmion
velocity, we obtain the following expression for the
skyrmion Hall angle43
tan(ϑSkX + η) =
∂tY
∂tX
= −GTx − αDTy
αDTx +GTy , (8)
where Tx ≡ τFLTFL,x + τDLTDL,x, Ty ≡ τFLTFL,y +
τDLTDL,y and η is the angle between the injected
current and the x axis, as depicted in Fig. 9(a).
We consider the rigid hard cutoff ansatz for in-
plane skyrmions in what follows, which is given by
m(~r) = (− cos θ(r), sin θ(r) cosφ, sin θ(r) sinφ)>, with
~r = r(cosφ, sinφ), θ(r) = pi(1 − r/R)Θ(R − r) and
> denoting the transpose operator. Here Θ(x) is the
Heaviside theta function and R denotes the skyrmion
radius. By plugging it into Eqs. (7), we obtain Tx =
pi2jRτDL cos(η)/2 and Ty = 0. We therefore conclude
that in-plane skyrmions exhibit an unidirectional SOT-
driven motion regardless of the in-plane orientation of the
injected current, which is characterized by the following
skyrmion Hall angle
ϑin-plSkX = −
[
tan−1 (G/αD) + η] . (9)
Furthermore, their speed along the resultant racetrack
is v = |∂t ~X| = Tx/(G2 + α2D2), which depends on the
x-component of the applied current ~j; in particular, the
speed will be maximum for currents parallel to the easy
x-axis and zero for currents transverse to it. These find-
ings point towards the design of racetracks for in-plane
skyrmions, whose speed could be tuned by adjusting the
angle between the charge current and the uniform back-
ground magnetization. We note in passing that the ab-
sence of a field-like contribution to the driving force ~T
stems from the geometry of this SOT: for an electric cur-
rent injected along the x direction the induced field-like
SOT points along ~ez × ~j ∝ eˆy, which tilts the magneti-
zation away from the z-axis with no net contribution to
the motion of the skyrmion.41,42
We contrast our results to analogous SOT-driven
dynamics of Ne´el skyrmions. The rigid hard cut-
off ansatz for these solitons takes the form m(~r) =
(sin θ(r) cosφ, sin θ(r) sinφ, cos θ(r))>, from which we ob-
tain the expressions Tk = pi
2RτDLjk/2, with k = x, y. As
a result, the skyrmion Hall angle for the spin-orbit dy-
namics of Ne´el skyrmions reads
tan
(
ϑNe´elSkX + η
)
=
αD sin(η)−G cos(η)
αD cos(η) +G sin(η) , (10)
and therefore explicitly depends on the in-plane orienta-
tion of the injected current.43
We have corroborated our analytical findings by per-
forming micromagnetic simulations using Mumax3 in a
thin film geometry with dimensions 256 × 256 × 1 nm3
in the absence of stray fields. We utilized a charge cur-
rent pulse of 1 ns width, constant amplitude j = 1 · 1012
A/m2 and variable in-plane angle η. The micromagnetic
parameters utilized can be found in Table I, along with
α = 0.3 and τDL = 0.015 m
2/A·s.69 We observe that
the motion of in-plane skyrmions always occurs along
the same spatial direction regardless of the orientation
of the charge current, meaning that ϑin-plSkX + η is a con-
stant, see Eq. (9). Furthermore, as also depicted in the
same panel, the speed of in-plane skyrmions along the
racetrack is linear with the x-component of the current,
jx = j cos η, which is in agreement with the analytical
expression for v. Dipolar interactions lead to a reduction
of the terminal speed for in-plane skyrmions, as can be
deduced from the starred curve in Fig. 9(b).
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FIG. 8: Production of in-plane skyrmions via an inhomogeneity. (a) Six snapshots illustrating consecutive stages of the shedding
process, namely, the initial magnetic configuration, the onset of the magnetic instability, its expansion over the sample, the
formation of the skyrmion/antiskyrmion pair, the annihilation of the antiskyrmion and the stabilization of the skyrmion. Full
simulation size is 1024×1000 nm2. (b) In-plane skyrmion racetrack generated by the shedding method. The color code indicates
the mx component of the magnetization. Full simulation size is dimensions 1526×1024 nm2.
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FIG. 9: Skyrmion Hall effect for the in-plane configuration. (a) Geometry considered for the definition of the skyrmion Hall
angle ϑSkX . Yellow arrows represent the electric current (~j ) and the skyrmion velocity (v), with η being the angle between
the former and the x axis. Red arrows indicate the direction of the magnetization at the respective points. The color map for
the magnetization corresponds to that of Fig. 4. (b) Dependence of the skyrmion Hall angle (blue) and terminal speeds (red)
on the direction of the injected charge current. The skyrmion velocity has been calculated in the presence (crosses) or absence
(triangles) of stray fields, and within the Thiele collective-coordinate approach disregarding stray fields as well (red line).
V. ANALYTICS OF THE PHASE DIAGRAM
In this Section we exploit the minimal model given by
Eq. (1), complemented with the DM energy functional
compatible with the monoclinic system Cm, to deter-
mine the boundary between the ferromagnetic and heli-
cal phases in the space parametrized by the two reduced
Dzyaloshinskii coupling constants g1 = piD
y
xy/4
√
AK
and g2 = piD
y
zy/4
√
AK. First, we cast Eq. (1) in terms
of the dimensionless coordinates ~ρ = ~r/
√
A/K, which
9XY plane
FIG. 10: Geometry in spin space for the generic helix ansatz
of the magnetization field.
reads
Ein-pl[m] = A
∫
S
d2~ρ
{
1
2
(~∇ρm)2 + [1− (mx)2] (11)
+
4g1
pi
Lin-pl,ρ[m] + 4g2
pi
LNe´el,ρ[m]
}
,
where the subscript ’ρ’ indicates partial derivation with
respect to ~ρ.
Second, it is instructive to study the nature of the he-
lical state arising in monoclinic systems: for this pur-
pose, we consider the most generic ansatz for a helix in
real space, which is described in terms of the normal to
the plane of the helix, ~n = (cosφ sin θ, sinφ sin θ, cos θ)>,
and the pitch vector ~q 6= ~0, see Fig. 10. By casting the
magnetization field in a spin frame of reference adjusted
to ~n, m(~r ) = cos(~q · ~r)eˆ1 + sin(~q · ~r)eˆ2 + m0eˆ3, where{
eˆ1, eˆ2, eˆ3 ≡ ~n
}
is an orthonormal basis in spin space and
m0 denotes the out-of-plane projection of the magneti-
zation, and by plugging it into Eq. (11), we obtain the
following expression for the total (surface) energy den-
sity:
ε
[
m(~r )
]
=
1
2
~q 2
1 +m20
+
4
pi
g1
1 +m20
(qy cos θ + qx sin θ sinφ)
+
4
pi
g2
1 +m20
(qx sin θ sinφ− qy sin θ cosφ)
+
1
2 +m
2
0
1 +m20
+
1
2 −m20
1 +m20
sin2 θ cos2 φ. (12)
Extrema of this energy functional with respect to the
variables {θ, φ, ~q,m0} are found in Appendix A. Whether
any of these solutions corresponds to the ground state of
the system can be determined by comparing their en-
ergy density (12) to that of the uniform magnetic state
(ε
[
mu(~r )
]
= 0).
VI. EXACTLY SOLVABLE MODEL AT
CRITICAL COUPLING
In this section we consider a minimal exactly solvable
model for a two-dimensional ferromagnet hosting stable
skyrmions in a uniform magnetization background, the
latter pointing along an arbitrary direction within the
xz plane, extending therefore the results of Ref. 54 to
the case of interfacial-like DM interactions. We note
that these skyrmion models are particular instances of
the gauge nonlinear σ model defined on Riemann sur-
faces introduced in Ref. 55. The resultant family of en-
ergy functionals, parametrized by the angle α between
the magnetization background and the z axis, includes
those stabilizing Ne´el skyrmions (α = 0) and in-plane
skyrmions (α = −pi/2). The model can be obtained
from Eq. (1) by applying rotations of arbitrary angle
α ∈ [−pi, pi] around the y axis in spin space, described by
the SO(3) matrix
Rˆy[α] =
 cosα 0 sinα0 1 0
− sinα 0 cosα
 . (13)
The oriented orthonormal basis associated with the ro-
tated spin frame of reference reads eˆα,k ≡ Rˆy[α]eˆk, k =
x, y, z, and the components of the magnetization vector
in this frame can be cast asmkα ≡ eˆ>k Rˆy[α]m = eˆ−α,k ·m.
The exchange term is invariant under rotations in spin
space and the DM energy density becomes
εDM,α[m] = D
∑
i=x,y
zikeˆ−α,k · (m× ∂im), (14)
= D(ω1[m] + cosαω2[m] + sinαω3[m]),
in terms of the Lifshitz invariants ω1[m] = m
z∂xm
x −
mx∂xm
z, ω2[m] = m
z∂ym
y −my∂ymz and ω3[m] =
my∂ym
x−mx∂ymy, where zik is the Levi-Civita sym-
bol. We will restrict ourselves to the critical coupling sce-
nario hereafter, originally introduced in Refs. 70 and 54,
in which the anisotropy barrier is promoted to a ’perfect
square’ expression in the out-of-plane component of the
magnetization via the choice of the appropriate strength
for the external magnetic field and Dzyaloshinskii con-
stant, H = K and D =
√
AK (we disregard stray fields).
Consequently, the family of energy functionals for a two-
dimensional ferromagnet that we will consider in what
follows is
Eα[m] = A
∫
S
d2~r
[
1
2
(~∇m)2 + κ
2
2
(1−mzα)2+ (15)
κ
∑
i=x,y
zikeˆ−α,k · (m× ∂im)
]
,
with κ = D/A. We can develop a covariant formula-
tion of the model by defining the global Yang-Mills fields
Aj ≡ κzjkeˆ−α,k, j = x, y, and then by introducing the
covariant (chiral) derivative Djn ≡ ∂jn + Aj × n =
(∂j−iAj ·L)n, where n is an arbitrary three-dimensional
vector in spin space and [Lˆα]βγ ≡ −iαβγ are the genera-
tors of the SO(3) group. The family of energy functionals
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FIG. 11: Spatial dependence of the magnetization for an iso-
lated in-plane skyrmion at critical coupling and disregarding
demagnetization effects. The ratio of the Dzyaloshinskii con-
stant to the spin stiffness has been taken to be κ = 1/2. The
color code indicates the mx component of the magnetization.
of Eq. (15) can be cast as (see Appendix B):
Eα[m] =A
2
∫
S
d2~r
(Dxm+m×Dym)2 (16)
+ 4piA(Q[m] + Ω[m]),
where we have introduced the functionals
Q[m] ≡ 1
4pi
∫
S
d2~r m · (∂xm× ∂ym), (17)
Ω[m] ≡ κ
4pi
∫
S
d2~r ∇ ·mα = κ
4pi
∫
∂S
(
mxαdy −myαdx
)
,
representing the topological and ’total magnetic’ charges
of the spin texture, respectively. The expression in
Eq. (16) is particularly useful, as the first term is always
positive definite because of the quadratic expression.
Therefore, any state with a fixed topological charge Q
and magnetic charge Ω has the energy Eα0 = 4piA(Q+Ω)
as a lower bound, which is equivalent to solving the Bo-
gomol’nyi equations Dxm + m × Dym = 0, which can
be recast as (see Appendix C):
m×∆m = 2κ(myα∂xm−mxα∂ym)+κ2(1−mzα)eˆ−α,z×m,
(18)
where ∆ denotes the Laplacian operator. Note that spa-
tially localized magnetic textures (namely, those extend-
ing to continuous maps S2 → S2) have zero total mag-
netic charge, Ω[m] = 0, and, therefore, their total energy
equals the Bogomol’nyi bound Eα = 4piAQ.
Analysis of the Bogomol’nyi equations (18) simplifies
if we consider the stereographic projection of the mag-
netization vector (in the rotated spin frame of reference)
onto the complex plane:
ξ =
mxα + im
y
α
1 +mzα
, (19)
where m : C → S2 is now defined over the field of com-
plex numbers. The family of energy functionals (15) can
be cast in terms of this complex representation of the
order parameter as (see Appendix D):
Eα[ξ] =8A
∫
S
d2~r
(
∂ζ ξ¯ +
κ
2 ξ¯
2
)(
∂ζ¯ξ +
κ
2 ξ
2
)
(1 + |ξ|2)2 (20)
+ 4piA(Q[ξ] + Ω[ξ]),
where ζ = x+iy and the topological charge and the ’total
magnetic’ charge take the form
Q[ξ] =
i
2pi
∫
S
d2~r
∂xξ∂y ξ¯ − ∂yξ∂xξ¯
(1 + |ξ|2)2 , (21)
Ω[ξ] =
κ
pi
∫
S
d2~r
Re
[
∂ζξ − ξ2∂ζ ξ¯
]
(1 + |ξ|2)2 .
The Bogomol’nyi equations then become
∂ζ¯ξ = −
κ
2
ξ2
w=1/ξ
=⇒ ∂ζ¯w =
κ
2
, (22)
which can be solved exactly as w = κ2 ζ¯ + f(ζ), where
f : C→ C denotes any holomorphic function.
In-plane skyrmions, also known as magnetic bimerons,
are metastable soliton solutions of the model (15) for
α = −pi/2. The analytic expression for an isolated in-
plane skyrmion is given by the solution ξ = 2/κζ¯ of the
Bogomol’nyi equations. The corresponding magnetiza-
tion vector reads (see Appendix D)
mx =
κ2|ζ|2 − 4
κ2|ζ|2 + 4 , mz − imy = −
4κζ
κ2|ζ|2 + 4 , (23)
and Figure 11 depicts the spatial profile of an in-plane
skyrmion for the value κ = 1/2.
VII. CONCLUSIONS
Even though Bloch-like and Ne´el-like configurations
represent the archetypical skyrmions found in conven-
tional chiral magnets and magnetic bilayers subjected
to (strong) spin-orbit coupling at the interface, infinite
many other families of skyrmion configurations can, in
principle, be smoothly generated from the former via
proper rotations in spin space while preserving their
topological robustness, e.g., in-plane skyrmions. Re-
markably, as the findings of our study indicate, the be-
havior of these latter families is qualitatively similar to
that of Ne´el/Bloch skyrmions, although some features
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remain inherently distinct as a result of the additional
rotational symmetry breaking (along the z axis).
In this paper, we have shown first that the monoclinic
system Cm is the only one compatible with the symme-
tries of in-plane skyrmions and proposed material can-
didates, such as FeLa3S6 and Rb6Fe2O5, to host this
class of topological solitons. We have also predicted the
(meta)stability of in-plane skyrmions in a wide area of
the phase diagram, the latter being parametrized by the
two reduced Dzyaloshinkii coupling constants describing
the monoclinic chiral interaction. Remarkably, the pres-
ence of an interfacial DM stabilizer enhances the stability
of in-plane skyrmions regardless of its strength. Second,
we have proved via micromagnetic simulations that the
effect of magnetostatic interactions on the stability of
skyrmions is substantially stronger for in-plane configu-
rations than for Ne´el-like ones. For instance, in the pres-
ence of stray fields, in-plane skyrmions exhibit smaller
sizes than those of the Ne´el type for the same set of micro-
magnetic parameters; as a result, in-plane skyrmions ap-
pear to be more appealing from the technological stand-
point than their Ne´el counterparts, since they favor the
development of skyrmion devices with higher (spatial)
density. In this regard, dipolar fields lying in the plane
of the magnet allows for the vertical stacking of in-plane
skyrmion layers, which represents a major challenge for
PMA magnets hosting Ne´el skyrmions.51 Furthermore,
the skyrmion radius is ill-defined for in-plane configura-
tions since dipolar interactions significantly alter their
shape with respect to the axially-symmetric one.
Third, we have corroborated that the methods for
skyrmion production based on DW blowing through a
geometric constriction and shedding from a magnetic im-
purity, which were originally devised in the Ne´el sce-
nario, also work for the in-plane case. In particular,
for the shedding method, the critical current is of the
same order of magnitude (∼ 1012 A/m2) but larger than
that of Ne´el-like configurations due to action of stray
fields, and antiskyrmions are rapidly annihilated as a re-
sult of the in-plane DM interaction. For the DW blow-
ing method, in-plane skyrmions are produced for thin
enough (as compared to the sample width) constrictions
and magnetostatic interactions do not qualitatively affect
the creation process. Fourth, SOT-driven dynamics for
in-plane skyrmions differ from those for Ne´el-like config-
urations: strikingly, field-like torques do not contribute
to the dynamics of in-plane skyrmions, which, in turn,
yields the unidirectional character of their motion. As a
result, materials such as FeLa3S6 and Rb6Fe2O5, which
can potentially host these solitons, are optimal platforms
for the skyrmion racetrack principle to be exploited. On
the other hand, spin-transfer dynamics are similar for
in-plane and Ne´el skyrmions. Furthermore, dipolar in-
teractions yield a reduction of the (terminal) speed for
both spin-transfer and SOT-driven dynamics. Table II
compares different features of skyrmions arising in both
in-plane and Ne´el scenarios, providing a brief summary
of the findings just discussed.
in-plane Ne´el
Crystal symmetries Cm Cnv
Phase diagram 2D 1D
Production via blowing Yes Yes
Production via shedding Yes Yes
Antidamping-like torque contrib. Yes Yes
Field-like torque contrib. No No
Racetrack principle Yes No
TABLE II: Comparison table between in-plane and Ne´el
skyrmions.
Fourth, we have built an exactly solvable model for
a continuous family of skyrmion configurations, includ-
ing the in-plane ones, parametrized by the rotation angle
along the y axis in spin space. We have derived the Bogo-
mol’nyi equations describing the spatial structure of these
solitons and solved them analytically. We have shown
that these solutions agree well with in-plane skyrmions
created via micromagnetic simulations. Our ansatz may
be useful, e.g., to estimate transport coefficients or derive
equations of motion within a collective variable approach
in future research.
Finally, in this work we have focused on the stabil-
ity and dynamics of individual skyrmions at zero tem-
perature. On the one hand, skyrmion-skyrmion and
skyrmion-edge repulsions play a significant role in the ex-
perimental realization of skyrmion-based racetrack mem-
ories. The effect of repulsive forces in Ne´el-skyrmion-
based racetracks has been previously investigated in
Ref. 71, which suggests that skyrmion-skyrmion repul-
sion can be made very small/negligible by tuning the
anisotropy and the external magnetic field, so that the
spacing between skyrmions within the racetrack will re-
main approximately constant. Even though we could a
priori expect a similar tunability for in-plane skyrmions,
the effect of dipolar fields and repulsive forces is not ob-
vious in this case and can be investigated thoroughly via
micromagnetic simulations. On the other hand, we ex-
pect for in-plane skyrmions a similar robustness against
thermal fluctuations to that of the Ne´el type. In the lat-
ter case, this thermal robustness has been shown on a
racetrack in Refs. 72 and 73. A detailed study of the
effect of repulsive interactions and thermal fluctuations
on the properties of in-plane skyrmions goes beyond the
scope of this work and will be carried out in future works.
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Appendix A: Derivation of Eq. (13)
Extremalization of the energy density functional (12)
yields the identities
qx = − 4
pi
(g1 + g2) sin θ sinφ, (A1)
qy =
4
pi
(g2 sin θ cosφ− g1 cos θ) , (A2)
for the pitch vector and the value m0 ≡ 0 for the out-
of-plane magnetization. Furthermore, the polar angle θ
satisfies either the condition θ = 0, pi or the identity
δg1g2
[
2g1g2 − 16
pi2
δ2
]
cos 2θ cot θ − δ3 cot θ (A3)
+ g21g
3
2(2g1 + g2) sin 2θ = 0,
with δ ≡ g21 + 2g1g2 + pi2/16. In the former case, the
resultant magnetic texture reads
m(~r ) = ± (cos[4g1y/pi],− sin[4g1y/pi], 0)> (A4)
and its total energy density becomes ε = 12
[
1− 16g21pi2
]
. In
the latter case, the magnetization field is parametrized by
the polar and azimuthal angles resulting from the solu-
tion of Eqs. (A3) and
cosφ = −g
2
1 + 2g1g2 + pi
2/16
g1g2
cot θ, (A5)
from which the corresponding total energy density can
be calculated by means of Eq. (12).
Appendix B: Derivation of Eq. (17)
The covariant expression (16) can be obtained, as dis-
cussed in Refs. 54 and 55, by noticing that
(Dxm)2 + (Dym)2 = (~∇m)2 + κ2
[
1 + (mzα)
2
]
(B1)
+ 2κ
∑
i=x,y
zikeˆ−α,k · (m× ∂im),
and that
1
2
(Dxm+m×Dym)2 = 1
2
(Dxm)2 + 1
2
(Dym)2 (B2)
−m · (∂xm× ∂ym)− κ(∂xmxα + ∂ymyα)− κ2mzα.
The latter identity can be derived by noting that the
Yang-Mills fields Ax,y engender the antisymmetric Fara-
day tensor Fxy = ∂xAy−∂yAx+Ax×Ay = κ2eˆ−α,z and
that i) m ·Ax = κmyα and m ·Ay = −κmxα, ii) (Dxm+
m×Dym)2 = (Dxm)2 + (Dym)2− 2m · (Dxm×Dym)
and iii) the identity
m · (Dxm×Dym) = m · (∂xm× ∂ym) + ∂y(m ·Ax)−
∂x(m ·Ay) +m · Fxy (B3)
also holds.
Appendix C: Derivation of Bogomol’nyi equations
By making explicit the expression for the covariant
derivatives, the Bogomol’nyi equations read
∂xm = −m× ∂ym+ κ[m× (eˆ−α,x ×m)− eˆ−α,y ×m],
(C1)
∂ym = m× ∂xm+ κ[m× (eˆ−α,y ×m) + eˆ−α,x ×m],
(C2)
where the second equation is obtained by applying m×
to the first one. The cross product m × ∆m = m ×
[∂2xm+ ∂
2
ym] can therefore be cast as
m×∆m = 2κ(myα∂xm−mxα∂ym) + κ2(mxαeˆ−α,y
−myαeˆ−α,x +mxαeˆ−α,x ×m+myαeˆ−α,y ×m),
(C3)
and, with account of the identity mxαeˆ−α,x × m +
myαeˆ−α,y×m+mxαeˆ−α,y−myαeˆ−α,x = (1−mzα)eˆ−α,z×m,
we finally obtain Eq. (18).
Appendix D: Details of the stereographic projection
We start this Appendix by noting that the inverse
transformation to Eq. (19) reads
mxα + im
y
α =
2ξ
1 + |ξ|2 , m
z
α =
1− |ξ|2
1 + |ξ|2 . (D1)
Then, the expression (20) for energy functional is derived
with account of the identity
Eα[ξ]
2A
=
∫
S
d2~r
|~∇ξ|2 +2κRe[∂ζξ+ξ2∂ζ ξ¯ ] + κ2|ξ|4
(1 + |ξ|2)2 , (D2)
and the following mathematical relations:
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(1−mzα)2 =
4|ξ|4
(1 + |ξ|2)2 , (D3)
|∂km|2 = |∂k(mxα + imyα)|2 + (∂kmzα)2 =
4|∂kξ|2
(1 + |ξ|2)2 , (D4)
∂xm
x
α + ∂ym
y
α = 2Re
[
∂ζ(m
x
α + im
y
α)
]
=
4
(1 + |ξ|2)2 Re
[
∂ζξ − ξ2∂ζ ξ¯
]
, (D5)∑
i=x,y
(eˆz × eˆi) · (mα × ∂imα) = Re
[
mzα∂ζ(m
x
α + im
y
α)− (mxα + imyα)∂ζmzα
]
=
4
(1 + |ξ|2)2 Re
[
∂ζξ + ξ
2∂ζ ξ¯
]
, (D6)
m · (∂xm× ∂ym) = 2i∂xξ∂y ξ¯ − ∂yξ∂xξ¯
(1 + |ξ|2)2 , (D7)
where ∂ζ ≡ 12 (∂x − i∂y).
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